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Abstract 

In this paper, we introduce a new iterative scheme that converges strongly to a common fixed point of a countable 
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Introduction 

Throughout this paper, we assume that // is a real Hilbert 
space with inner product and norm denoted by (■, ■> and 
II • II, respectively and let C is a nonempty closed and 
convex subset of H. A mapping / : C — > // is called a con- 
traction on C if there exists a constant p e [0, 1) such 
that 

\\f(x)-f(jn< p\\x-yl Wx,yeC. 

A mapping T : C — > // is called a nonexpansive on C if 

\\Tx — TyW < \\x — y\\, Wx,y e C. 

A mapping M is called a strongly monotone 

operator with coefficient a if there exists a constant a > 0 
such that 

{x — y,Mx — My) > a\\x — yW"^, Wx,y&H 

and M is called a monotone operator if 

[x - y,Mx - My) > 0, Wx,y e H. 

It is well known that the mapping (/ — T) is a mono- 
tone operator, if T is a nonexpansive mapping and / is a 
identity mapping. 
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A mapping 7 : C — > // is called k-strict pseudo- 
contraction if there exists a constant k e [0, 1) such that 

\\Tx-Tyf < \\x-yf+k\\(I-T)x-{I-T)yf, Wx,y e C. 

If there exists a point x e C such that x = Tx, then x is 
said to be fixed point of T. We denote the set of all fixed 
pionts of T by F{T). It is well known that F{T) is closed 
and convex if T is nonexpansive. 

Note that the class of k-strict pseudo-contraction map- 
pings includes the class of nonexpansive mappings on 
C as a subclass, i.e., T is nonexpansive if and only 
if T is 0-strict pseudo-contraction. Recently, many 
authors have been devoting the studies on the prob- 
lems of finding fixed points for k-strict pseudo-contraction 
mappings; see Acedo and Xu (2007); Cho et al. (2009); 
Jung (2010); Jung (2011); Zhou (2008) and the references 
therein. 

A variational inequality in a real Hilbert space H is 
formulated as finding a point x* e C such that 

{Fx*,x-x*) > 0, Wxe C, (1) 

where f : C — > // is a nonlinear mapping. We denote 
the set of solution of (1) by VI(C,F). If f is a monotone 
operator, then (1) is also known as a monotone variational 
inequality. 

For given nonlinear operators F,g, we consider the 
problem of finding u & H such that 

{F{u),g(v)-g(u))>0, ^g{v),g{u)eC (2) 
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which is known as the general variational inequality prob- 
lem. For given nonlinear operators F,g, h, we consider the 
problem of finding u e H -.hiu) e C such that 

{F(u),giv)-hiu)}>0, Wgiv)€C (3) 

which is called the extended general variational inequality. 

The variational inequalities have been studied widely 
and are being used as a mathematical programming tool 
in modeling a wide class of problems arising in sev- 
eral branches of pure and applied sciences; see Baiocchi 
and Capelo (1984); Giannessi and Maugeri (1995); 
Kinderlehrer and Stampacchia (1980). For general vari- 
ational inequalities and extended general variational 
inequalities, we can refer Noor (2004,2009); Noor et al. 
(2012a,2012b) and references therein. 

It is well-known that the variational inequality (1) is 
equivalent to the fixed point equation 

X* = Pd(I - yF)x*] , (4) 

where y > 0 and Pc is the metric projection of H onto 
C which assigns, to each x € H, the unique point in C, 
denoted -PcM> such that 

\\x-Pc[x] II = inf{||^-j|| :je C}. 

Therefore, fixed point algorithms can be applied to solve 
variational inequalities. 

The following problem is called a hierarchical fixed 
point problem: Find^* € F{T) such that 

{X* - Sx*,x - X*) > 0, V;c e F(T). (5) 

where 5 : C — >■ be a mapping. It is known that 
the hierarchical fixed point problem (5) links with some 
monotone variational inequalities and convex program- 
ming problems; see Gu et al. (2011); Yao et al. (2010). 

In order to solve the hierarchical fixed point problem 
(5), Moudafi (2007) intoduced the following Krasnoselski- 
Mann algorithm: 

Xn+\ = (1 - oi„)x„ + a„{P„Sx„ -h (1 - Pn)Tx„), (6) 

where S,T : C ^ C are two nonexpansive mappings, {a„} 
and [fin] are two sequences in (0, 1). Then he showed that 
{x„) converges weakly to a fixed point of T which is a solu- 
tion of problem (5). For obtaining a strong convergence 
result, in Mainge and Moudafi (2007) and Marino and Xu 
(2011) introduced the following algorithm: 

Xn+l = (1 - Oln)fiXn) + Ol„ifi„Sx„ + (1 - MTx„), (7) 

where / : C — >■ C is a contraction mapping, S and T : 
C ^ C are two nonexpansive mappings, and 
are two sequences in (0, 1). Then they showed that {x„] 
converges strongly to a fixed point of T which is a solution 
of problem (5). 



On the other hand, Cianciaruso et al. (2009) introduced 
a two step algorithm to solve the problem (5) as follows: 

V« — Pn^Xn + (1 ^n)Xn) 

(8) 

Xn+l = OtnfiXn) + {I - Ol„)Ty^, 

where / : C ^ C is a contraction mapping, S and 
r : C ^ C are two nonexpansive mappings, {«„} and {/S„} 
are two sequences in (0, 1). Under some certain restric- 
tions on parameters, the authors proved the sequence [Xn] 
generated by (8) converges strongly to x* e F{T), which is 
a unique solution of the following variational inequality: 

((/ -f)x*,x- X*) > 0, yx& F(T). (9) 

By changing the restrictions on parameters, the authors 
obtained another result on the iterative scheme (8) , i.e., 
the sequence [x„} generated by (8) converges strongly to 
X* e F{T), which is a unique solution of the following 
variational inequality: 

( ^ (/ -f)x* + S)x*, x-x*)>0, Wxe F{T), (10) 

where t e (0, oo) is a constant. 

In 2010, Yao et al. (2010) modified the two step algo- 
rithm (8) to extend Range of / from C to /f by using 
the metric projection of H onto C. They introduced the 
following iterative scheme: 

yn — ^n^Xyi ~t- (1 Pn)Xn> (11) 

x„+i = Pc[oinf(x„) + (1 - oi„)Ty^] , 

where / : C ^ // is a contraction mapping, S and 
T : C ^ C are two nonexpansive mappings, {«„} and 
{fin} are two sequences in (0, 1). The authors proved the 
sequence {x„} generated by (11) converges strongly to ;«* e 
F{T), which is a unique solution of one of the variational 
inequalities (9) and (10). 

In 2011, Gu et al. (2011) introduced the following itera- 
tive algorithm: 

yn = PcWnSXn + (1 - P„)Xn] , 

X„+l = PdoinfiXn) + - OldTiyn] , V« > 1, 

(12) 

where f : C ^ H isa contraction mapping, S : C ^ H 
is a nonexpansive mapping, {T/j^j : C ^ C is a count- 
able family of nonexpansive mappings, ao = 1. {««} and 
{Pn} are two sequences in (0, 1). The authors proved the 
sequence {x„] generated by (12) converges strongly to x* e 
F(T), which is a unique solution of one of the variational 
inequalities (9) and (10). 
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In this paper, motivated and inspired by the results of 
Gu et al. (2011), we introduce and study the following 
iterative scheme: 

yn = PcWnSXn + (1 - fi„)x„] , 

X„+l = Pc[oinfiXn) + EiLl(«i-l " Oli)Viy„] , V« > 1, 

(13) 

where Vi = ktl + (1 - ki)Ti and {r^gi : C ^ C is 
a countable family of A^j-strict pseudo-contraction map- 
pings. Under some certain condition on parameters, we 
first prove that the sequence {x„} generated by (13) con- 
verges strongly to x* € fi^j^f (T;) which is a unique 
solution of the following variational inequality: 

((/ -f )x*,x - x*) > 0, e n~if (T/). (14) 

By changing the restrictions on parameters, we also 
prove that the sequence {Xn} generated by (13) converges 
strongly to x* e n^^f (Tf), which is a unique solution of 
the following variational inequality: 

( - (/ -f)x* + S)x*, x-x*)>o, vx e ngif (ro, 

(15) 

where r e (0, oo) is a constant. It is easy to see that, 
if ki = 0 for each i > 1, then our algorithm (13) is 
reduced to algorithm (12) of Gu et al. Also our results 
extend the corresponding one of Yao et al. (2010); Xu 
(2004); Cianciaruso et al. (2009); Moudafi (2000) and Gu 
et al. (2011) from the countable family of nonexpansive 
mappings to more general the countable family of strictly 
pseudo contraction mappings. 

Preliminaries 

This section collects some lemma which be use in the 
proofs for the main results in the next section. Some of 
them are known; others are not hard to derive. 
We will use the following notation: 

(i) for strong convergence and ^ for weak 
convergence. 

(ii) (OwiXn) = [x : x„. x] denotes the weak w-limit set 
of {x„]. 

Lemma 1. Browder (1976) Let H be a Hilbert space, C is 

a closed convex subset of H and T : C ^ C be a nonex- 
pansive mapping with F(T) ^ 0. If{Xn} is a sequence in C 
weakly converging to x and if {(I — T)x„] converges strongly 
to y, then (I— T)x = y; in particular, ify = 0 then x e F(T). 

Lemma 2. Acedo and Xu (2007) Let C be a nonempty 
closed convex subset of a real Hilbert space H. IfT : C — >■ C 
is a k-strict pseudo-contraction, then the mapping I — T is 
demiclosed at 0. That is, if{x„] is a sequence in C weakly 



converging to x and{{I—T)x„} converges strongly to 0, then 
(I - T)x = 0. 

Lemma 3. Let x € H and z € C be any points. Then we 
have the following: 

1. Thatz = Pc[x] if and only if there holds the relation: 

(x — z,y — z) <0, Wy € C. 

2. Thatz = Pc[x\ if and only if there holds the relation: 

\\x - zf < \\x - yf - \\y - zf, Wy e C. 

3. There holds the relation: 

{Pc[x] -Pc[y] ,x-y) > IIPcM -Pc\y] f> ^x,y e H. 
Consequently, Pc is nonexpansive and monotone. 

Lemma 4. Marino and Xu (2006) Let H be a Hilbert space, 
C be a closed convex subset of H, f : C H be a con- 
traction with coefficient 0 < p < 1 and T : C ^ C 
be a nonexpansive mapping. Then, for 0 < y < y/pifar 

x,y € C, 

1. the mapping (/ — /) is strongly monotone with 
coefGcient (1 — p) that is 

{X - y, (I -f)x - (I -f)y) > (1 - p)\\x - yf. 

2. the mapping (I — T) is monotone, that is 

(x -y,(I- T)x -{I- T)y) > 0. 

Lemma 5. Xu (2002) Assume that {a„] is a sequence of 

nonnegative numbers such that 

dft+l < (1 - Yn)an + S„, V« > 0, 

where {yn} is a sequence in (0, 1) and [&„} is a sequence in 
TZ such that 

2. limsup„^^ I < 0 ori:~ 1 \S„\ < oo. 
Then lim„^oo <?« = 0. 

Lemma 6. Acedo and Xu (2007) Let Cbea closed convex 
subset ofH Let {x„} be a bounded sequence in H. Assume 
that 

(1) The weak (D-limit set (DwiXn) C C, 

(2) For each z & C, lim 

n—^oo \\Xn ^11 exists. 

Then {x„] is weakly convergent to a point in C. 

Lemma 7. Zhou (2008) Let H be a real Hilbert space, Cbe 
a closed and convex subset of H, and T bea k-strict pseudo- 
contraction mapping on C, then F{T) is closed convex, so 
that the projection Pf(T) is well defined. 
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Lemma 8. Zhou (2008) Let H be a Hilbert space, C be a 
closed and convex subset ofH, and T : C H bea k-strict 
pseudo-contraction mapping. Define a mapping V : C ^ 

H by Vx = kx^ il — X)Tx for all x e C. Then, as X e [k, 1), 
V is a nonexpansive mapping such that F(V) = F(T). 

Lemma 9. Gu et al. (2011) Let H be a Hilbert space and 
Cbea nonempty closed and convex subset ofH. Let Tbea 
nonexpansive mapping of C into itself such that F{T) ^ 0. 
Then \\ Tx - x\\^ < 2{x -Tx,x- x'), W e FiT), Wx e C. 

Main results 

Let us consider the net iterative scheme as follows: 



yn = PcWnSXn + (1 - P„)x„] , 

X„+l = PcWnfiXn) + E;Ll(«(-l - «i)V^J«] . V« > 1, 

(16) 



where Vt = V + (1 - ki)Ti, f : C ^ H is a p- 
contraction mapping, S : C ^ H is a nonexpansive 
mapping, {TJ^j : C — > C is a countable family of kr 
strict pseudo-contraction mappings and Pl^^j^f (T,) ^ 0. 
Set ao = 1, {a„} C (0, 1) is a strictly decreasing sequence 
and C (0, 1). As we will see the convergence of the 
scheme depends on the choice of the parameters {«„} and 
iPn]- We list some possible hypotheses on them: 

(HI) there exists y > 0 such that P„ < ya„; 

(H2) lim„^oo Pn/Oln = T € [0, oo); 

(H3) lim„^oo oc„ = 0 and Y.'^=i = 
(H4) E^i !««-««-! I <oo; 

(H5) j:Zl\Pn-Pn-l\<^; 

(H6) lim„^oo |a« - a«-il/a« = 0; 

(H7) lim„^oo\P„- fin-i\/P„ = 0; 

(H8) lim„^cx)[|a«-o'„-i| + |,6„-y6«-i|] /a„/8„ = 0; 

(H9) there exists a constant K > 0 such that 



J_iJ ^ fc 



Proposition 1. Assume that (HI) holds. Then {x„} and 
{y„] are bounded. 

Proof Let z e ng^f (T,) = r\°l^FiVi). Then we have 



\\Xn+l - Z\\ = 



Pc WnfiXn) +^{0ii-l - Oli) Viy„] -Pc [z] 
i=l 

n 

OlnfiXn) + - OCiWiyn - Z 

i=l 

n 

oin(f(x„) -z) + ^(Q!,-i - ai)iViy„ - z) 



<oi„\\f{x„) -f{z)\\+a„\\f{z)-z\\ 



+ ^{oti-i - «<)ll Viyn - Z\\ 
< a„p\\x„ - z\\ + a„\\fiz) - z\\ 



+ -z|| 

!=1 

< a„p \\x„ -z\\+a„ \[f(z) - z\\ 

n 

+ - ai)WnSXn + (1 - Pn)Xn - z|| 

i=l 

< Clnp \Xn -Z|| +«„ \f{z) (1 - jS„) \Xn -Z||) 

« 

+ ^(a,_i-aO(/S«||5^„ - SzW+M^z - z\\ 

i=l 

< anp \\X„ -z\\+an \\f(z) -Z\\ + a- fin) \\Xn -z\\) 

n 

+ Y^iai-i - adiPnWxn - z\\ + MSz - z\\ 
= a„p\\x„-z\\ +«„![/■ (z) -z\\ 

n 

+ - ai){\\x„ - z\\ + jS„||5z - z||) 

i=i 

= anP\\Xn - z\\ + a„ \f(z) - z\\ 
+ {l-a„){\\Xn-z\\+MSz-z\\) 

= (1 - anil - p))\\x„ - z\\ + a„|[/(z) - zll 
+ il-an)MSz-z\\ 

< (1 - «„(1 - p))\\x„ - z\\ + a„\\f{z) - z\\ 
+ MSz-z\\ 

< (1 - «„(1 - p))\\x„ - z\\ + a„[\\f{z) - z\\ 

+ Y\\Sz-z\\]. (17) 
So, by induction, one can obtain that 



\\x„-z\\ < max j 11^0 - z\\, [ll/(z) - z\\+y\\Sz - z|| j. 

(18) 

Hence {x„} is bounded. Of course {y„} is bounded too. 

□ 



Proposition 2. Suppose that (HI) and (H3) hold. Also, 
assume that either (H4) and (H5) hold, or (H6) and (H7) 
hold. Then 
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(1 ) {x„ } is asymptotically regular, that is, 

lim ||^„+i -x„|| = 0, 

n->-oo 

(2) the weak cluster points set cow(x„) C ng^f (T,). 



By Proposition 1, we say 



(19) 



Proof. Set u„ = a^f{x„) + Yl'i=i('^i-i ~ <Xi)Viy„. From 
(16) and since Pc is a nonexpansive mapping, we have 

II^«+1-^hII = \\Pc[Un] -Pc[Un-l] II 

<||m„-m„_i|| (20) 

= \\0Cn(fiXn)-fiXn-l)) + (0ln - Oln-l)f{Xn-l) 



i=l 

+(a!„-i -«„) V„y„-i II < an ||/(x„) -/(^n-i) 

n 

+ '^i0li-l - 0!()||j« - J«-l|| 



/=1 



+ \a„ - a„-,\mx„-i)\\ + \\V„y„-i\\) 

< a„p\\x„ - x„-i\\ + (1 - a„)\\y„ - y„-i\\ 
+ \a„ - a„-M\fix„-i)\\ + II V„j„_i||). 

(21) 

By definition ofy„ one obtain that 

ll:y«-:y«-ill = \\PclPnSx„ + (i - fi„)xn] 

-PcWn-lSXn-l + (1 - jS„_l)x„-l] II 

< UPnSXn + (1 - P„)Xn) 

- iPn-lSXn-l + (1 - Pn-l)X„-l)\\ 
= WPniSXn - SXn-l) + (fin - Pn-l)SXn^l 

+ (l-jS„-i)(x„-x„-i) + (j8„_i - P„)X„-i\\ 

<||a;„-x„_i|| + |jS„-j6„_i|(||5x„_i|| + ||;(;„_i||). 

(22) 

So, substituting (22) in (21), we obtain 

\\Xn+l -XnW < OlnPWXn - Xn~\\\ + (1 - ««)[ ||:«« -^n-l|| 

+ l/3«-)S„-i|(l|5x„_i|| + ||x„_i||)] 
+ |a„ -a„-i|(|[/(A:„_i)|| + \\V„y„-i\\) 

< (1 - (1 - p)a„)\\Xn - X„-i\\ 

+ l/S„-j6„-i|(||5x„-i|| + ||x„_i||) 

+ |a„ -a„-i|(|[f(x„_i)|| + ||V^„:y„-i||). 

(23) 



M := max 



sup{||5;c„_i|| + ||;c„-i||}. 



sup{|[f(x„_i)|| + ||y„:y„_i|| 



So, we have 



II*«+1-*hII < p)a„)\\Xn-Xn-i\ 



+ Ml\a„-a„-i\ + \p„ - p„-i\] . 



(24) 



So, if (H4) and (H5) hold, we obtain the asymptotic reg- 
ularity by Lemma 5, if instead, (H6) and (H7) hold, from 
(HI), we can write 



ll^n+l - II < (1 - (1 - P)0ln)\\Xn - Xn-1 

+ Ma„ 



\a„ - a„_i| ^ \fi„ - j6„_i| 



< (1 - (1 - p)an)\\Xn - Xn-l\\ 



+ Ma„ 



\an-a„-i\ \Pn-Pn-l\ 

+ y 



(25) 



By Lemma 5, we obtain the asymptotics regularity. 

In order to prove (2), since ViX„ e C for each i > 1 and 
- ««) +«„ = !, we have 



X(a,_i - ai)ViX„ + a„p e C, V/? e C. 



(26) 



Now, fixing p e n^^^f (V;)> from (16), we have 
E"=i - «!-) ixn - ViX„) 



=PC [U„] + (l-a„)x„- \^(0li-l - CtiWiXn + UnP 
+ a„p-x„+i 

~ n 

= Pc[u„] -Pc XI •^"'■-1 ~"')^'*« + 

+ (1 - ««)(^n - X„+i) + anip - X„+i). 
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It follows that I]JLi(a(-i - a/)(x„ - ViXn,x„ - z) 

= (pc [u„] - Pc ly^'-^ ~ "'')^''^« + ,x„-z 
+ (1 - a„) {x„ - x„+i, x„ - z) + a„{p - x„+i,Xn - z) 



U„ - '^(Oli-l - CliWiXn + ClnP 
(=1 



+ O'-oin^Xn - x„+i\\\\x„ -z||+q;„||/j -^„+i|| \\x„-z\\ 

n 

oinifixn) - P)+'^{ai-i-oii){Viy„ - Vix„) 

+ (1 - an)\\Xn- X„+i\\\\Xn-z\\+an\\p - Xn+\\\\\X„-Z\\ 



ot„ \\f{x„) -p\\ \\x„ -z\\ + ^(tti-i -a;) \\y„ -x„ \\ \\x„ -z\\ 

i=l 

+ (i-oinUxn -^H+ill \\x„ - z\\ + a„\\p-x„+i\\ \\x„-z\\ 

n 

'~oin\\f{Xn)-p\\ \\x„-z\\+^(ai-i-ai^„\\Sxn-x„\\ \\x„-z\\ 

i=l 

+ (l-aH)ll^« -^H+ill \\x„ - z\\ + a„\\p-x„+i\\ \\x„-z\\ 
= a„\\f(x„)-p\\\\x„ -z\\ + (1 - a„)MSx„-x„\\\\x„-z\\ 

+ - Oln)\\Xn - X„+i\\\\Xn-z\\+an\\p-X„+i\\\\x„-z\\. 



(27) 



Now, from Lemma 9 and (27), we get j IZ/Li(*^*-i 
oii)\\x„ - ViX„f 



- ^("i-l-"i)iXn-ViX„,X„-z) 

i=l 

< oi„\\f{x„} -p\\\\Xn-z\\ + {l-a„}p„\\Sx„-x„\\\\x„-z\\ 
+ (1 -a«) \\x„ -x„+i II ||;ic„ -z|| + «„ \\p - x„+i II ||;ic„ - z||. 



By (HI) and (H3), it follows that j8„ ^ 0, as « ^ oo, so 
that 



Since (a,_i - a,)||;c„ - ViXnf < E"=i(«i-i " "Oll^w - 
ViX„\\^ for each i > 1 and {«„} is strictly decreasing, 
one has 



lim \\x„ - ViXnW = 0, Wi > 1. 
Hence, we obtain 



(29) 



lim y'Ca,-! - ai)\\x„ - ViX„f = 0. 



(28) 



lim \^Xn — TiXnW = lim ; = 0, V/ > 1. 

n^oo n-^oo (1 — /c^) 

Since {xn} is asymptotically regular and demiclosedness 
principle, we obtain the proposition. □ 

Corollary 1. Suppose that the hypotheses of Proposition 2 
hold. Then 

(i) lim„^oo II^H - = 0; 

(ii) lim„^oo \\Xn - Viy„\\ = 0, Wi > 1; 

(iii) lim„^oo Wyn - Viy„\\ = 0, Vj > 1. 

Proof. To prove (0, we can observe that 

lk« -:y«ll < Mxn-Sx„\\. 

Since ^ 0 as « ^ oo, we obtain (0- 
To prove (ii), we observe that 

Wyn - ViXnW < \\y„ -Xn\\ + \\Xn - ViX„\\, Vi > 1 

and 

\\Xn - Viy„\\ < \\Xn -yn\\ + II J« - V;^«l|, Vz > 1. 

Since || j„ — || ^ 0 and ||;«„ — ViX„ || ^ 0 as « ^ oo, 
V« > 1, then \\y„ — ViX„\\ — > 0, that is, we obtain (ii). To 
prove (Hi), we can observe that 

\\y„ - Viy„\\ < \\x„-y„\\ + \\x„ - Viy„\\, Vz > 1. 

By (0 and (ii), we obtain (iii). □ 

Theorem 1. Let C be a nonempty closed and convex 
subset of a real Hilbert space H. Let f : C H be a 
p-contraction mapping, S : C ^ H be a nonexpansive 
mapping and {Ti]"^-^ : C C bea countable family ofki- 
strict pseudo-contraction mappings and T = ngjf (T/) ^ 
0. Let ao = 1, and xi&C and define the sequence {x„} by 

yn = PcWnSXn + (1 - P„)Xn] , 

X„+l = PdoinfiXn) + - OliWiyn] , V« > 1, 

(30) 

where {a„} C (0, 1) and {«„) is a strictly decreasing 
sequence, Vi = /c,/ + (1 — ki)Ti, C (0,1) and {«„} 
and {Pn} are sequences satisfying the conditions (H2) with 
T = 0, (H3), either (H4) and (H5) , or (H6) and (H7). Then 
the sequence {x„] converges strongly to a point z e J-, which 
is the unique solution of the variational inequality: 



{(l-f)z,x-z)>0, VxeJ". 



(31) 
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Proof. First of all, since Pjrf is a contraction. By Banach 
contraction principle, so there exists a unique z e such 
that z = Pj^fiz), Moreover, from Lemma 3(1), we have 

{f{z)-z,y-z) <Q, VjeJT. 

Since (H2) implies (HI), thus { bounded. More- 

over, since either (H4) and (H5) or (H6) and (H7) then {%„} 
is asymptotically regular. Similarly, by Proposition 2, the 
weak cluster points set of x„, that is, cow(x„), is a subset 
of J". 

Let {x„i,] be a subsequence of {x„] such that 



limsup(/(z) — z,x„— z) = lim (/(z) — z,x„^ — z), 



and x„i^ x'. So, it follows that xl ^T. Then, we also have 



lim {f(z) — z, x„^ — z) = {f{z) — z, x' — z) < 0. 



Set u„ = afjf{x„) + l^"=i(ai-i - ai)Viy„, we obtain 



Il^«+1-Z|| = {Pciltn] -U„,Pc[u„] -z) + (u„-Z,Xn+l-z)- 

(32) 



By Lemma 3(1), we have 



{PdUn] -Un.PdUn] -z) < 0. 



From (32) and (33), it follows that 
\\x„+i-zf 



(33) 



< a„p||;v„ -z\\ \\x„+i -z\\ +a„ {f(z) -z, x„+i -z) 
X (1 - a„) \\x„ - z\\ \\x„+i - z\\ 
+ (1 - a„)P„\\Sz - z\\ \\x„+i - z\\ 

= [1 - a„(l - p)] \\x„ - z\\ \\x„+i - z\\ 
+ an{fiz)-z,x„+i-z) 
+ (1 - a„)fi„\\Sz - z\\ \\x„+i - z\\ 

"1 — a„(i — p)1 r 9 , 

^ \\x„-zf + \\x„+i-zf 

+ oi„{fiz)-z,x„+i-z) + il-a„)MSz-z\\ 
2(l-p)a„ 



x\\xn+i-z\\< 
2an 



1- 



x„-z 



+ 



1 + (1 - p)a„ 

2(1 - a„)P„ 
_1 + (1 - p)an 



4-r 



2(1-p)q;„ 



l + (l-p)a„J 
• {f(z)-z,x„+i -z) 

\\SZ - z\\\\Xn+l - Z\\ 

2(l-p)a„ 



+ (l-p)a„_ 
1 



X ] (f(z) - z,x„+i - z) 

1 -P 



X ||5z - z|| ||;v„+i - z|| [ . 



_l + (l-p)a„_ 

(1 - Oln)Pn 

(1 - p)a„ 



Let Yn — ana o„ — 



Since 



< {u„-z,x„+i-z) = a„(f(x„)-f(z),x„+i-z) 

n 

+ a«(/'(z) - z,x„+i - z) ^(tti-i - at) 

X {Viy„-z,x„+i -z) 
<oinP\\x„-z\\\\x„+i-z\\+a„{f{z)-z,x„+i-z) 

X {'^-an)\\yn-z\\\\x„+x-z\\<a„p\\Xn - Z\\ 
X \\X„+i - Z\\ + Unfiz) - Z,Xn+i - Z) 
xO--Oln)\\finSx„ + il-P„)x„-z\\\\x„+l-z\\ 



T^^m-z, 

for all « > 1. 



f 1 . (1 - a«)/3« 
lim sup ] {f{z) - z,Xn+i -z) + — — 

n^oo I 1 - P (1 - P)0tn 



X ||5z-z||||x„+i-z|| <0, 



ESi «« = 00 and if^i^ > (1 - P)««, we have 



)/„ = oo and limsup — < 0. 



Hence, by Lemma 5, we conclude that 

« — oo. □ 
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Remark 1. In the iterative scheme (30), if we set/ = 0, 
then we get Xn z = Pj^O. In this case, from (31), it 
follows that 



Adding (36) and (37), we obtain 



(z, z — x)<0, Vx e jP. 



That is 



(1 - p)\\x! -x*f< ((/ - f)x' -(I- f)x*,xf - X*) 

< -p((/ - S)x'-iI-S)x*,x'-x*) < 0 



iizir < (z,^> < iiziiii^ii, v^gj^. 

Therefore, the point z is the unique solution to the 
following quadratic minimization problem: 



z = arg mm \\x\\ 



soxf = X*. Also now the condition (H2) with 0 < r < oo 
implies (HI) so the sequence {Xn} is bounded. Moreover, 
since (H8) implies (H6) and (H7), then {x„} is asymptoti- 
cally regular. Similarly, by Proposition 2, the weak cluster 
points set of Xn, i.e., (jL>H,(Xn), is a subset of J^. 
From (20) -(24), we observe that 



By changing the restrictions on parameters in 
Theorem 1, we obtain the following results. 

Theorem 2. Let C be a nonempty closed and convex 
subset of a real Hilbert space H. Let f : C ^ H be a p- 
contraction mapping, S -.C ^ C bea nonexpansive map- 
ping and {Ti}'^^ : C ^ C be a countable family ofki-strict 
pseudo-contraction mappings and = C\'?^-^F{Ti) ^ 
0. Let ao = 1, and x\&C and define the sequence 
{x„} by 



yn = PdPnSXn + (1 - Pn)Xn] = PnSXn + (1 - Pn)Xn 

Xn+1 = Pc[0inf{Xn) + E"=l(«!-1 " Oti)yiyn\ , Vk > 1 

(34) 



where {«„} C (0,1) and {«„} is a strictly decreas- 
ing sequence, Vi = kil + (1 - ki)Ti, {p„} c (0,1) 
and {«„} and {/3„} are sequences satisfying the con- 
ditions (H2) with r e (0, oo), (H3), (H8) and (H9). 
Then the sequence {x„) converges strongly to a point 
X* e T, which is the unique solution of the variational 
inequality: 

( i (/ -f )x* + S)x*, x-x*)>0, G J". (35) 

Proof. First, we shows that (49) has the unique solution. 
Let x' and x* be two solutions. Then, since xf is solution, 

for y = x* one has 



\\x„+i-x„\\ \\U„-U„-l\\ 

< <[l-(l-p))a„]- 



fin 



fin 



+ M 



|a„ - a„-i\ ^ \Pn - fin-l\ 



fin 



= [1 - (1 - p))a„] 



\\Xyi Xn—l\\ 

fin-l 

+[1-(1-P))a„] \\x„-x„-i\ 



1 1 

— V 



3h P«-1 



-\-M 



Wn - a«-ll _|_ \fin - fin-l\ 



< [1 - (1 - p))a„] 



fin fin 
Xn Xfi—1 II 



+ II^H -^n-lll 



fin-l 
1 1 



.fin fin-l. 



-i-M 



\0ln - a«-ll _|_ \fin - fin-l\ 



fin 



fin 



< [1- (1 - p))a„] ^" ^" ^ -\-anK\\Xn -Xn-l\ 
fin-l 



-M 



kw-an-ll _|_ \fin- fin-l\ 



fin 



fin 



{(I -f)x',x' - X*) < T((/ - S)x',x* - x') 



(36) 



and 



((/ -f)x*,x* - x') < r{(I - S)x*,xf - X*). (37) 



^ n /I ^^ ill"n~"n-lll , r^, , 

< ll-il-p))a„] \-a„iqx„-x„-i\\ 



-M 



fin- 



kn-aB-ll _|_ \fin- fin-l\ 



fin 



fin 
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Let Kn = (1 — p)oin and = a„K\\x„ — x„^i\\ + 
^ ^ condition (H3) and (H8), 

we have 

7 ]/„ = 00 lim — = 0. 

By Lemma 5, we obtain 

||x„+i-x„|| 
lim = 0, 

j.^ ||m»+1 - U„\\ _ - Mb II _ Q 

From (34), we have 



Xfi Xfi—l — (1 Olfi)Xn 



Pc[Un\-Un + OlJ{Xn) 



+ ^("i-i - oii){Viy„ - y„) + (1 - a„)j„ 

i=l 

■■ (1 - Q!„)jS„(;«:„ - Sx„) + (u„ - Pc[ u„] ) 

n 

+ ^{oii-i -oii)(yn-Viy„)-\-a„{x„ -f{x„)) 



i=l 



It follows that 

Xfi Xyi—\ 



(1 - a„)fin 



(1 - ««)jS„ 



{u„-Pc[u„]) 



1 " 

+ 71 z-r- y^{oii-i - ai)(y„ - Viyn) 

(1 - a„)jS„ ^ 



(1 - Q!„)j8„ 



Let v„ = fE^. For aU z e J- = ng,f (r,) = 
ngif(V/),weget 



By Lemma 4, we have 

+ ((/-S)z,;«:„-z)>((/-S)z,;«:„-0), 

(39) 

((/ -f )x„,Xn -z) = ((/ -/);«„ - (/ -f)z,x„ - z) 

+ {(I-f)z,x„-z)>(l - p)||^„ - zip 

+ {(I-f)z,x„-z) (40) 

and 

{yn - Viy„,x„ -z) = ((/ - Vi)y„ -(I- Vi)z,x„ - y„) 

+ {iI-Vi)y„-(I-Vi)z,y„-z) 

> {{I - Vi)y„ - {I - Vi)z,x„ - y„) 

= Pn{{I- Vi)y„, x„ -Sx„), Vz > 1. 

(41) 

By Lemma 3(1), we obtain 

{u„-Pc[u„],Pc[u„-i] -z) 

= {Un-PcM ,Pc[Un-l] -Pc[Un] ) 

+ {U„ - Pc[Un\,Pc[Un] -z) 
> {Un-Pc[u„],Pc[Un-l\ -Pc[Un] )■ (42) 

Now, from (38)-(42), it follows that 

ll^n - Z||^ < ^ [{Vn.Xn - z) - {(I - S)z,X„ - z)] 

(1 - p)a„ 

, I|m«-1-M«II,, „ r nil 
+ — ^ \\u„-Pc[u„] II 



(Vm, Xfj z) — 



(1 - a„)P„ 



(1 - a„)Pn 



u„ - Pc[u„],Pclu„-i] -z) 
{{I -f)x„,x„-z) 



(1 - p)a„ 
1 



{{I -f)z,x„-z) 



fin 



1 



n 

Y^iui-i - ai){{I - Vi)y„,x„ - Sx„), (43) 



(1 - a„)j8„ 

n 

^(q!,_i - q;,)(7„ - Vtyn.Xn - z). (38) 



i=i 



since v„ ^ 0 and (/ — Vi)yn — >■ 0, as « ^ oo, then 
every weak cluster point of {x„} is also a strong cluster 
point. By Proposition 2, {x„} is bounded, thus there exists 
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a subsequence {x^f,} converging to x*. For all z e ^ by 
(38), we compute 



((/ f)Xnif,Xyij^ z) — 



(1 - OC„i^)Pnk 



{Vyi.fXyi, Z) 



{u„i,-Pc{u„i.],Pc{u„u-\] -z) 



(1 - a;„^)^„j 



~ 7^ y](«i-i - «<) 

(««* 

(1 - 

(a, 



^ («,■_ 1 - a; ( (/ - Vi)y„^, x„i^ -Sx„^) 



(1 - a;„^)y3„^ 



((/-5)z,x„^ -z>. 

(44) 



Since v„ ^ 0, (/ — V,)j„ ^ 0 for all i > 1, and — 
M„_i||/o;„ 0, letting A' ^ oo in (44), we obtain 

((/ -f)x*,x* -z) < -T((/ - S)z,x* - z), Vz € F. 

Since (49) has the unique solution, it follows that 
cow{x„) = [x*]. Since every weak cluster point of {x„] is 
also a strong cluster point, we conclude that 
n 00. This completes the proof 

If we take Ti = T, for all i > 1, where T : C ^ C is a 
/c-strict pseudo-contraction mapping in Theorem 1, then 
we get the following result: □ 

Corollary 2. Let C be a nonempty closed and convex 
subset of a real Hilbert space H. Let f : C H be a 
p-contraction mapping, S : C ^ H be a nonexpansive 
mapping and T : C ^ C be a k-strict pseudo-contraction 
mapping such that F(T) ^ 0. Let Xi & C and define the 
sequence {x„} by 



yn = PciPnSXn + (1 - Pn)Xn\ , 

X„+l = PcWnfiXn) + (1 - Ol„)Vy„] , V« > 1, 



(45) 



where V = kI+{l-k)T, {«„} c (0, 1) and {M c (0, 1) 
are sequences satisfying the conditions (H2) with x = Q, 



(H3), either (H4) and (H5), or (H6) and (H7). Then the 
sequence {x„} converges strongly to a point z e F{T), which 
is the unique solution of the variational inequality: 

{(I -f)z, x-z)>0, Wx€ F{T). 

Taking /c/ = 0, for all > 1 in Theorem 1, then we get 
the following result: 

Corollary 3. Let C be a nonempty closed and convex 
subset of a real Hilbert space H. Let f : C ^ H be a 
p-contraction mapping S : C ^ H be a nonexpansive 
mapping and {Ti}'^^ : C — > C be a countable family of 
nonexpansive mappings and = C\'^-yF{Ti) ^ 0. Let 
aQ = \,x\&C and define the sequence {x„} by 



yn = PdPnSXn + (1 - fi„)x„] , 

X„+l = Pc[0l„fix„) + - OldTiyn] , V« > 1, 

(46) 



where {a„} C (0, 1) and {a„} is a strictly decreasing 
sequence, C (0, 1) and [a„] and [P„] are sequences 
satisfying the conditions (H2) with r = 0, (H3), either 
(H4) and (H5), or (H6) and (H7). Then the sequence [Xn] 
converges strongly to a point z e J^, which is the unique 
solution of the variational inequality: 

{{I -f)z,x-z) >0, Wx&T. 

If we take /: = 0 in Corollary 2, then we get the following 
result: 

Corollary 4. Let C be a nonempty closed and convex 
subset of a real Hilbert space H. Let f : C H be a 
p-contraction mapping S : C ^ H be a nonexpansive 

mapping and T : C ^ C be a nonexpansive mapping such 
thatF{T) ^ 0. Letxi e C and define the sequence {x„] by 



yn = PdfinSXn + (1 - fin)Xn] , 

Xn+l = PcWnfiXn) + (1 - a„)3>„] , V« > 1, 



(47) 



where {«„} C (0, 1), {/S„} C (0, 1) and and {fi„} are 
sequences satisfying the conditions (H2) with t = 0, (H3), 
either (H4) and (H5), or (H6) and (H7). Then the sequence 
{x„} converges strongly to a point z e F(T), which is the 
unique solution of the variational inequality: 

((/ -f)z, x-z)>0, yx€ F(T). 

If we take Ti = T,for all i > 1, where T : C ^ C is a 
k-strict pseudo-contraction mapping in Theorem 2, then 
we obtain the following result: 



Chamnarnpan etal. SpringerPlus 201 3, 2:540 
http://www.springerplus.eom/content/2/1/540 



Page 11 of 12 



Corollary 5. Let C be a nonempty closed and convex 
subset of a real Hilbert space H. Let f : C H be a 
p-contraction mapping, S : C ^ C be a nonexpansive 
mapping and T : C ^ C be a k-strict pseudo-contraction 
mapping and = F{T) ^ 0. Let Xi & C and define the 
sequence by 

yn = finSXn + (1 - fi„)x„, 

(48) 

Xn+1 = PdoinfiXn) + (1 - OlnWyn] , V« > 1, 

where K = A:/ + (1 - k)T, {«„} C (0, 1), {fin\ C (0, 1) and 
{«„} and {y8„} are sequences satisfying the conditions (H2) 
with X e (0, oo), (H3), (H8) and (H9). Then the sequence 
{Xn} converges strongly to a point x* e T, which is the 
unique solution of the variational inequality: 

( i (/ -f)x* + S)x*, x-x*)>0, Wx€j^. (49) 

If we take ki = 0, for all z > 1 in Theorem 2, then we get 
the following result: 

Corollary 6. Let C be a nonempty closed and convex 
subset of a real Hilbert space H. Let f : C ^ H be a 
p-contraction mapping, S : C ^ C be a nonexpansive 
mapping and {T,}^]^ : C — > C be a countable family of 
nonexpansive mappings and T = n^^^f (T,) 0. Let 
ao = 1, ^1 e C and define the sequence {x„] by 

Jn — ^n^Xfi ~l~ (1 ^n)Xni 

Xn+1 = Pc[otnf{x„) + I]f=i(o!,-l - Oli)Tiyn\ , V« > 1, 

(50) 

where {«„} c (0, 1) and {an} is a strictly decreasing 
sequence, {fin} C (0, 1) and {«„} and {fi„} are sequences 
satisfying the conditions (H2) with r e (0, oo), (H3), 
(H8) and (H9). Then the sequence {x„} converges strongly 
to a point x* e T, which is the unique solution of the 
variational inequality: 

{^{I-f^x"" ^{l-S)x*,x-x'')->Q, ^x&T. (51) 

If ^ = 0 in Corollary 5, then we get the following 
Corollary: 

Corollary 7. Let C he a nonempty closed and convex 
subset of a real Hilbert space H. Let f : C ^ H be a 
p-contraction mapping S,T : C ^ C be nonexpansive 



mappings and T = F(T) ^ 0. Let X\ & C and define the 

sequence {xn} by 

Jn ~ l^n^Xn ~1~ (1 ^n)Xni 

(52) 

Xn+\ = PdoinfiXn) + (1 - ««)?>„] , V« > 1, 

where {a„} C (0, 1), {/!„} C (0, 1) and {a„} and {/!„} are 
sequences satisfying the conditions (H2) with x e (0, oo), 
(H3), (H8) and (H9). Then the sequence {x„} converges 
strongly to a point x* € T, which is the unique solution of 
the variational inequality: 

{^iI-f)x*-\-iI-S)x*,x-x*)>0, "ix&T. (53) 

Remark 2. Prototypes for the iterative parameters are, 
for example, a„ = n~^ and /J„ = (with 6,0) > 0). 

Since \a„ — a„^i \ « n~^ and |yS„ — y8„-il ^ n~'", it is not 
difficult to prove that (//8) is satisfied for 0 < « < land 
(H9) is satisfied if i9 + « < 1. 

Remark 3. Theorem 1 and Theorem 2 extend and 
improve the result of Gu et al. (2011) from the count- 
able family of nonexpansive mappings to more general the 
countable family of strictly pseudo contraction mappings. 
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